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Abstract
A compound of 4 piecewise linear Mo¨bius strips in [0, 3]3 \ [1, 2]3 ⊂ R3 and the Holden-
Odom-Coxeter polylink of 4 locked hollow equilateral triangles are seen to be equiva-
lent from a group-theoretical point of view, where each Mo¨bius strip has a minimum of
facets, maximum area and boundary formed by orthogonal segments with end-vertices
in Z3. This leads to 1-factorizations of the 4-cube graph Q4 and its antipodal quo-
tient K4,4, with each 4-cycle having an edge in common with each 1-factor. Toroidal
subgraphs of Q4 andK4,4 with faces delimited by such rainbow cycles are characterized.
Theorem 1. There exists a maximum-area piecewise-linear (PL) [7] Mo¨bius strip M1 [2, 3]
embedded in [0, 3]3 \ [1, 2]3 ⊂ R3 with a minimum of facets and boundary being a closed curve
formed by segments parallel to the coordinate directions and end-vertices in Z3.
Figure 1: Maximum area PL Mo¨bius strip M1 in [0, 3]
3 \ [1, 2]3 bounded by trefoil knot C1
1
Proof. A strip as in the statement is represented in Figure 1, with the mentioned segments
as follows, (where, starting clockwise at the left upper corner of the figure, colors of quadri-
laterals are cited and, between parentheses, whether they are shown full or in part);
gray(part) green(part) yellow(full) gray(part) green(full) yellow(part)
====== ====== ====== ====== ====== ======
[103, 203]h1 [203, 201]
v
2 [201, 231]
d
3 [231, 031]
h
2 [031, 032]
v
1 [032, 012]
d
2
[012, 312]h3 [312, 310]
v
2 [310, 320]
d
1 [320, 120]
h
2 [120, 123]
v
3 [123, 103]
d
2
(1)
Here, a segment denoted [a1a2a3, b1b2b3] stands for the usual notation [(a1, a2, a3), (b1, b2, b3)],
with ai, bi ∈ {0, 1, 2, 3}, (i = 1, 2, 3). In (1), each of the twelve shown segments appears
appended with its length as a subindex and an element of {h, v, d} as a superindex, where
h, v, and d stand for horizontal, vertical and in-depth directions, respectively. The PL curve
in the statement, a PL trefoil knot that we will call C1, is depicted in thick red trace both
in Figures 1 and 2 (in Figure 2 via unbroken unit-segment edges).
Figure 2: Red, blue, green and brown edge-disjoint PL trefoil knots in [0, 3]3
Theorem 2. The maximum number of Mo¨bius strips in [0, 3]3 \ [1, 2]3 as in Theorem 1 and
whose boundaries have pairwise intersections of dimension 0 (i.e., isolated points) is 4.
Proof. To prove the statement, consider Figure 2, where C1 is again drawn, as well as the
blue trefoil C2, defined by the segments:
[100, 200]h1 [200, 220]
2
v [220, 223]
d
3 [223, 023]
h
2 [023, 013]
v
1 [013, 011]
d
2
[011, 311]h3 [311, 331]
2
v [331, 332]
d
1 [332, 331]
h
2 [331, 102]
v
3 [102, 100]
d
2
(2)
2
and the green trefoil C3, defined by the segments:
[133, 233]h1 [233, 213]
v
2 [213, 210]
d
3 [210, 010]
h
2 [010, 020]
v
1 [020, 022]
d
2
[022, 322]h3 [322, 302]
v
2 [302, 301]
d
1 [301, 101]
h
2 [101, 131]
v
3 [131, 133]
d
2
(3)
and the brown trefoil C4, defined by the segments:
[230, 130]h1 [130, 110]
v
2 [110, 113]
d
3 [113, 313]
h
2 [313, 323]
v
1 [323, 321]
d
2
[321, 021]h3 [021, 001]
v
2 [001, 002]
d
1 [002, 202]
h
2 [202, 232]
v
3 [232, 230]
d
2
(4)
Observe that the six (maximum) planar facets ofM1 intersect C1 in six pairs of segments,
shown in (1) vertically: first [103, 203]h1 above and [012, 312]
h
3 below, which form an isosceles
trapezoid with the segments [103, 012] and [203, 312]; then [203, 201]v2 above and [312, 310]
v
2
below, which form a parallelogram with the segments [203, 312] and [201, 310], etc. Similar
observations can be made with respect to displays (2), (3) and (4). We denote such planar
faces in (1) by th1 , p
d
1, t
v
1, p
h
1 , t
d
1, p
v
1, as on the leftmost (red) 3-cube in the schematic Figure 3.
Figure 3: Notation for parts of Mo¨bius-strip compound
Denoting the maximum PL Mo¨bius strips expanded by the trefoil knots C2, C3 and
C4 respectively as M2, M3 and M4, we are interested in the segment intersections between
trapezoids and parallelograms (i.e., the facets of the Ci’s) determined in (1)-(4) above in
M = ∪4i=1Mi = M1 ∪M2 ∪M3 ∪M4. Recall: color 1 is red, color 2 is blue, color 3 is green
and color 4 is brown.
Figure 4: Encoding of Mo¨bius-strip compound
The top-front set TF h = ([000, 300]× [000, 010]× [000, 001])∩Mi in [0, 3]3 is a trapezoid
for i = 2 and a parallelogram for i = 3. In the leftmost cube in Figure 4, let us call it Q,
3
we indicate their segment intersection by the edge-labelling pair 23, with 2 in blue and 3 in
green, which are the colors used to represent C2 and C3, respectively. This pair 23 labels the
top-front horizontal edge in Q, corresponding to the position of TF h in Figures 1 and 2.
In all edge-labelling pairs in Q, the first number is associated to a trapezoid and the
second number is associated to a parallelogram, each number printed in its associated color.
Now, we subdivide the six faces of Q into four quarters each. We label these quarters via
the numbers 1 to 4, setting external counterclockwise (or internal clockwise) orientations to
the six faces, so that the two quarter numbers corresponding to an edge of any given face
yield, via the defined orientation, the labelling pair as defined in the previous paragraph.
This is represented in the center and rightmost cubes in Figure 4.
We can identify the cube Q with the union of the pairwise distinct intersections Mi∩Mj ,
(1 ≤ i < j ≤ 4). This way, Q becomes formed by the segments:
[(0.5,0.5,0.5),(2.5,0.5,0.5)]3
2
,[(0.5,2.5,0.5),(2.5,2.5,0.5)]4
1
,[(0.5,0.5,2.5),(2.5,0.5,2.5)]2
3
,[(0.5,2.5,2.5),(2.5,2.5,2.5)]1
4
,
[(0.5,0.5,0.5),(0.5,2.5,0.5)]4
3
,[(2.5,0.5,0.5),(2.5,2.5,0.5)]2
1
,[(0.5,0.5,2.5),(0.5,2.5,2.5)]3
4
,[(2.5,0.5,2.5),(2.5,2.5,2.5)]1
2
,
[(0.5,0.5,0.5),(0.5,0.5,2.5)]2
4
,[(2.5,0.5,0.5),(2.5,0.5,2.5)]3
1
,[(0.5,2.5,0.5),(0.5,2.5,2.5)]4
2
,[(2.5,2.5,0.5),(2.5,2.5,2.5)]1
3
,
(5)
where each segment is suffixed with its trapezoid color number as a subindex and its paral-
lelogram color number as a superindex. The first, second and third lines in (5) display those
segments of Q parallel to the first, second and third coordinates, respectively.
Figure 3 represents schematically the Mo¨bius strips Mi in Q, for i = 1, 2, 3, 4, with the
i-colored edges corresponding to the trapezoids and parallelograms of each Mi labeled with
symbols xji , where x = t for trapezoid and x = p for parallelogram, and where j ∈ {h, v, d}
for horizontal, vertical and in-depth edges of Q, respectively.
By way of the reflection FO of [0, 3]
3 \ [1, 2]3 about the central vertex O = (1.5, 1.5, 1.5) of
[0, 3]3, each Mi is transformed bijectively and homeomorphically into M5−i, for i = 1, 2, 3, 4.
The 180◦ rotations R2d, R
2
v, R
2
h of [0, 3]
3 about the in-depth axis x1 = x2 = 1.5, the vertical
axis x1 = x3 = 1.5 and the horizontal axis x2 = x3 = 1.5, respectively, form the following
respective transpositions on the vertices of [0, 3]3:
((x1, x2, x3), (3− x1, 3− x2, x3 )), ∀xi ∈ {0, 3}, (i = 1, 2, 3)
((x1, x2, x3), (3− x1, x2, 3− x3 )), ∀xi ∈ {0, 3}, (i = 1, 2, 3) and
((x1, x2, x3), (x1, 3− x2, 3− x3 )), ∀xi ∈ {0, 3}, (i = 1, 2, 3)
and determine the following permutations of Mo¨bius strips Mi, (i = 1, 2, 3, 4):
(M1,M3)(M2,M4), (M1,M2)(M3,M4) and (M1,M4)(M2,M3).
On the other hand, neither the reflections on the coordinate planes at O = (1.5, 1.5, 1.5) nor
the ±90◦ rotations Rd, R3d, Rv, R3v, Rh, R3h preserve the union ∪4i=1Mi but yield a Mo¨bius-strip
compound that is enantiomorphic to ∪4i=1Mi. In fact, there are only two such Mo¨bius-strip
compounds, one of which (∪4i=4Mi) is the one suggested in Figure 2. Moreover, we observe
the following assertion.
Observation 3. The automorphism group G = Aut(∪4i=1Mi) of ∪4i=1Mi is generated by FO,
Rd, Rv and Rh. Thus, |G| = 8.
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A sculpture by George P. Odom Jr., represented for our purposes in Figure 5, was ana-
lyzed by H. S. M. Coxeter [1], who settled the geometry-symmetry properties of its structure.
According to a footnote in [8] pg. 270, Odom and Coxeter were unaware of the earlier dis-
covery [4] of this structure by Alan Holden, who call it a regular polylink of four locked
hollow triangles [5]. To relate the Mo¨bius strip compound above to this polylink, we note
that the centers of the maximal linear parts of the trefoil knots Ci that have unit length
(i = 1, 2, 3, 4) are the vertices of four corresponding equilateral triangles whose respective
vertices are (given in the order of the triangle colors):
Color 1 : (1.5, 0, 3), (3, 1.5, 0), (0, 3, 1.5); Color 2 : (1.5, 0, 0), (0, 1.5, 3), (3, 3, 1.5);
Color 3 : (1.5, 3, 3), (0, 1.5, 0), (3, 0, 1.5); Color 4 : (1.5, 3, 0), (3, 1.5, 3), (0, 0, 1.5).
(6)
Figure 5: Holden-Odom-Coxeter polylink of 4 locked hollow equilateral triangles in [0, 3]3
Each of these equilateral triangles, denoted Ti (i = 1, 2, 3, 4), gives place to a correspond-
ing hollow triangle (i.e., a planar region bounded by two homothetic and concentric equilat-
eral triangles [1]) by removing from its interior the equilateral triangle T ′i whose vertices are
the midpoints of the segments between its vertices as presented in (6) and O = (1.5, 1.5, 1.5).
Characterized by their colors, these midpoints are, respectively:
Color 1 : (1.50, 0.75, 2.25), (2, 25, 1.50, 0.75), (0.75, 2.25, 1.50);
Color 2 : (1.50, 0.75, 0.75), (0.75, 1.50, 2.25), (2.25, 2.25, 1.50);
Color 3 : (1.50, 2.25, 2.25), (0.75, 1.50, 0.75), (2.25, 0.75, 1.50);
Color 4 : (1.50, 2.25, 0.75), (2.25, 1.50, 2.25), (0.75, 0.75, 1.50).
(7)
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We note that the centers cited in (6) are the vertices of an Archimedean cuboctahedron.
Now, we consider the midpoints of the sides of the four triangles Ti (i = 1, 2, 3, 4), namely:
Color 1 : (2.25, 0.75, 1.50), (1.50, 2.25, 0.75), (0.75, 1.50, 2.25);
Color 2 : (0.75, 0.75, 1.50), (1.50, 2.25, 2.25), (2.25, 1.50, 0.75);
Color 3 : (0.75, 2.25, 1.50), (1.50, 0.75, 0.75), (2.25, 1.50, 2.25);
Color 4 : (2.25, 2.25, 1.50), (1.50, 0.75, 2.25); (0.75, 1.50, 0.75).
(8)
By expressing the 3-tuples in (7) via a 4 × 3-matrix {Ai,j; i = 1, 2, 3; j = 1, 2, 3, 4}, we
have the following correspondence from (7) to (8), expressed in terms of the notation of
points in Figure 5:


A1,1 A1,2 A1,3
A2,1 A2,2 A2,3
A3,1 A3,2 A3,3
A4,1 A4,2 A4,3

→


B1,12 B1,23 B1,31
B2,12 B2,23 B2,31
B3,12 B3,23 B3,31
B4,12 B4,23 B4,31

 =


A3,3 A4,1 A2,2
A4,3 A3,1 A1,2
A1,3 A2,1 A4,2
A2,3 A1,1 A3,2


with the following meaning: each midpoint Bi,jk of a large triangle Ti between vertices Bi,j
and Bi,k coincides with a corresponding vertex Ai′,j′ of some small triangle T
′
i′ , and vice-versa,
as depicted in Figure 5.
Now, we consider each triangle Ti (i = 1, 2, 3, 4) as the 6-cycle formed by its subsequent
vertices and side midpoints:
T1 = (B1,1 A3,3 B1,2 A4,1 B1,3 A2,2);
T2 = (B2,1 A1,2 B2,3 A3,1 B2,2 A4,1);
T3 = (B3,1 A1,3 B3,2 A2,1 B3,3 A4,2);
T4 = (B4,1 A1,1 B4,2 A2,3 B4,1 A3,2).
Observation 4. It holds that Aut(∪4i=1Mi) = Aut(∪4i=1Ti) is an equality of automorphism
groups. Thus, G = Aut(∪4i=1Ti). In addition, Aut(Mi) = Aut(Ti), for each i = 1, 2, 3, 4.
These four groups, to be denoted respectively Gi, are isomorphic to the dihedral group of six
elements.
By expressing, as indicated in Figure 5, the vertices of [0, 3]3 by:
0 = 000, 1 = 300, 2 = 030, 3 = 330, 4 = 003, 5 = 303, 6 = 033, 7 = 033, (9)
we note that the ±120◦ rotations of [0, 3]3 around the axis line determined by the two
points of color i in Q, as indicated in each case of Figure 3, correspond respectively to the
permutations:
Color 1 : R1 = (124)(365) and R
−1
1 = (142)(563);
Color 2 : R2 = (036)(174) and R
−1
2 = (063)(147);
Color 3 : R3 = (065)(271) and R
−1
3 = (056)(217);
Color 4 : R4 = (247)(053) and R
−1
4 = (274)(035),
where color 1 is red, color 2 is blue, color 3 is green and color 4 is brown, and the respective
axes in Q are:
[(0.5, 0.5, 0.5), (2.5, 2.5, 2.5)], [(0.5, 2.5, 0.5), (2.5, 0.5, 2.5)],
[(0.5, 0.5, 2.5), (2.5, 2.5, 0.5)], [(2.5, 0.5, 0.5), (0.5, 2.5, 2.5)].
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The remaining nontrivial automorphisms of the Mi’s (or Ti’s) are the reflections about
the bisectors of the internal angles of the Ti’s at its vertices Bi,j (j = 1, 2, 3). These are
respectively:
Color 1 : F1,1 = (07)(16)(23)(45), F1,2 = (07)(13)(25)(46), F1,3 = (07)(15)(26)(34);
Color 2 : F2,1 = (01)(25)(34)(67), F2,2 = (07)(13)(25)(46), F2,3 = (04)(16)(25)(37);
Color 3 : F3,1 = (07)(15)(26)(34), F3,2 = (02)(16)(34)(57), F3,3 = (01)(25)(34)(67);
Color 4 : F4,1 = (07)(16)(23)(45), F4,2 = (02)(16)(34)(57), F4,3 = (04)(16)(25)(37);
from which we deduce that:
F1,1 = F4,1, F1,2 = F2,2, F1,3 = F3,1, F2,1 = F3,3, F2,3 = F4,3 and F3,2 = F4,2.
However, these six reflections are not in the groups Gi, while the rotations in (9) are in their
respective groups Gi. From this, we arrive to the following conclusion.
Corollary 5. |G ∩Gi| = 1, (i = 1, 2, 3, 4), and |Gi ∩Gj| = 1, for 1 ≤ i < j ≤ 4.
Figure 6: Q2-Rainbow 1-Factorizations F of Q4 and F∗ of K4,4
Theorem 6. The 4-cube graph Q4 contains a 1-factorization F [9] in which each 4-cycle Q2
is rainbow, i.e. each of the edges of such Q2 belongs to a different 1-factor of F and this is
realized via a one-to-one correspondence between those edges and these 1-factors.
Proof. The 4-cube graph Q4 depicted on the left of Figure 6 contains a 1-factorization F ,
i.e. a subdivision of E(Q4) into four sets of eight edges each, so that each vertex has degree
1 in each of the four colors. This F is obtained from the ordered bi-coloring O on the
leftmost 3-cube representation in Figure 4 by setting the first (resp. second) color of each
edge bicolor of O at the corresponding edge position in the innermost (resp. outermost)
copy of the 3-cube graph Q3 in the 4-cube Q4 of Figure 6. The remaining edges are forced
into their colors in F , as in Figure 6.
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Remark 7. We say that F is skew for it differs from the parallel 1-factorization P of Q4
in which all edges with a common direction have a corresponding common color. Observe
furthermore that for F each 4-cycle Q2 of Q4 has its edges in bijective correspondence with
the color set {1, 2, 3, 4} = {red, blue, green, brown}, so we say that F is Q2-rainbow. These
4-cycles Q2 of F have color cycle, that we call color type in the sequel:
(1234), if embedded in a x1x2- (resp. x3x4-) plane, i.e. with x3, x4 (resp. x1, x2) constant;
(1324), if embedded in a x1x3- (resp. x2x4-) plane, i.e. with x2, x4 (resp. x1, x3) constant;
(1243), if embedded in a x2x3- (resp. x1x4-) plane, i.e. with x1, x4 (resp. x2, x3) constant.
Figure 7: Lifting of toroidal subgraphs of Q4 and K4,4 via types (1234) and (1324)
Corollary 8. In Q4, there are eight 4-cycles of type (1234), another eight of type (1324) and
yet another eight of type (1243). Any two of these types yields a toroidal subgraph of Q4.
Proof. The union F (1234)∪F (1324) of the faces of 4-cycles of types (1234) and (1324) yields
a torus with visible hole and hidden hole obtained by the absence (or removal) of those faces
of the remaining type (1243). A yellow cutout of the corresponding toroidal graph can be
seen below, on the left third of Figure 9.
Observation 9. (a) There are four rainbow 4-cycles Q2 in each of the six families of four
parallel coordinate planes in Q4; each color (1-factor of F) happens once in each edge position
of each of those 4-cycles, yielding a bijection from the four colors onto such four positions;
there is another bijection from each four parallel coordinate planes onto the four cases of such
edge positions. (b) There is a 2-factor in Q4 composed by two rainbow 8-cycles via doubling
the colors of each rainbow 4-cycle in (a), e.g. doubling(1234) = (12341234) = (1234)2.
Observation 10. The union of any two of the four 1-factors of F creates a corresponding
2-factor composed by two 8-cycles whose 4-subpaths: (a) happen via the four different coordi-
nate directions; (b) have end-vertices that are antipodal in Q4, realizing necessarily distance
4. The 8-cycles in Observation 9(b) also satisfy this antipodal property of 4-subpaths.
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Corollary 11. By fixing a 4-cycle type (abcd) of F , (a, b, c, d ∈ {1, 2, 3, 4} pairwise distinct),
two toroidal subgraphs are obtained: one in Q4 \Ea,c(Q4) and the other one in Q4 \Eb,d(Q4).
Proof. Q4 is considered with vertex set {(x1, x2, x3, x4); xi ∈ {0, 1}}. In Figure 7, the vertices
of Q4 for ℓ = 0, . . . , 7 occupy the vertex positions as in Figure 5 in the interior 4-cube of
Q4 on the left of Figure 6, which are accordingly taken to be of the form (x1, x2, x3, 0), with
ℓ = x1 + 2x2 + 4x4. The vertices (x1, x2, x3, 1) on the exterior 3-cube of Q4 on the left of
Figure 6 are denoted correspondingly ℓ′.
Letting for example (abcd) = (1234), a lifting of the second toroidal graph in the state-
ment to the Euclidean plane is the one depicted in Figure 7, with a yellow toroidal cutout
suggested in the figure. Each of those two toroidal subgraphs is composed by the four 4-
cycles of type (1234), the two 8-cycles of type (12341234) = (1234)2 and the two 8-cycles of
type (13)4 in the first case and (24)4 in the second case. These types are indicated in the
interiors of the 8-cycle faces in the figure. In fact, there are twelve such toroidal subgraphs,
two of them for each color type of such toroidal subgraphs. We may say that their types are:
[(1234), (1234)2, (13)4] in Q4 \ E2,4(Q4); [(1234), (1234)2, (24)4] in Q4 \E1,3(Q4);
[(1243), (1243)2, (14)4] in Q4 \ E2,3(Q4); [(1243), (1243)2, (23)4] in Q4 \E1,4(Q4);
[(1324), (1324)2, (12)4] in Q4 \ E3,4(Q4); [(1324), (1324)2, (34)4] in Q4 \E1,2(Q4).
Figure 8: Bipartite drawing of P∗ and redrawing of F∗
Proposition 12. The 4-cube graph Q4 has as antipodal quotient the complete bipartite graph
K4,4 via the antipodal graph map α4 that sends each vertex of Q4 onto its antipodal vertex.
Proof. Notice that α4(x1, x2, x3, x4) = (x¯1, x¯2, x¯3, x¯4), where the bar over any entry xi ∈
{0, 1} means 0/1-complementation. This way, we have the natural graph projection ρ4 :
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Q4 → K4,4 given by ρ4({ℓ, ℓ′}) = {ℓ}, where ℓ ∈ V (K4,4) = V0 ∪V1, for ℓ = 0, 1, 2, 3, 4, 5, 6, 7,
with the parts of V (K4,4) being V0 = {0, 3, 5, 6} (even weight) and V1 = {1, 2, 4, 7} (odd
weight). It is easy to show that ρ4 is a graph epimorphism. Then, K4,4 is the resulting
antipodal quotient of Q4.
Proposition 13. The antipodal quotient K4,4 of Q4 yields, by projection from F via ρ4, a
quotient 1-factorization F∗ that is orthogonal [9] to the 1-factorization P∗ obtained from the
1-factorization P in Remark 7. Moreover, P∗ and F∗ yield a Latin square [9].
Proof. The claimed F∗ is depicted on the right of Figure 6 via identification of antipodal
pairs of vertices or edges. The four 4-cycles Q2 in each of the six parallelism families, each
formed by four coordinate planes, yield via ρ4 just four 4-cycles. On the other hand, the
union of any two of the four colors, i.e. 1-factors of F , creates a corresponding 2-factor
composed by two 4-cycles, since the 8-cycles in the 2-factors in the 4-cube situation wound
up over themselves to just 4-cycles. Orthogonality as claimed in the statement arises as there
is only one edge in the intersection of any 1-factor of F∗ and any 1-factor of P∗. Figure 8
redraws on its right side the depiction of F∗ on the left side of Figure 6, to be compared on
its left side with that of P∗. From this, it is seen that the claimed Latin square is:
1 2 4 7
0 12 23 34 41
3 21 14 43 32
5 33 42 11 24
6 44 31 22 13
Figure 9: Lifting of toroidal subgraphs of Q4 and K4,4 via types (1234) and (1324)
Notice that F and F∗ differ essentially from the 1-factorizations P in Q4 and P∗ in K4,4
in which parallel edges receive a common color and each 4-cycle has two opposite edges with
a common color, with a total of just two colors per 4-cycle. This parallel-color situation has
its quotient version in K4,4, with two colors for each 4-cycle, opposite edges having common
color.
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The automorphism group Aut(Q4) of Q4 is the semi-direct product Sym4 ×φ Z42, where
φ : Aut(Sym4) → Z42 permutes the entries of a 4-tuple in Z42 accordingly. The product
(n1, h1)(n2, h2) is given by (n1φh1(n2), h1h2). In any case, |Aut(Q4)| = 4!×24 = 24×16 = 384.
But color preservation reduces this cardinality under the color-preserving automorphism
group that has just 24 = 16 elements, creating 24 equivalence classes in Aut(Q4).
Observation 14. Aut(K4,4) has half the elements of Aut(Q4), that is just 192 elements.
Corollary 15. In K4,4, each rainbow 4-cycle of a common rainbow type, of the three existing
ones, namely (1234), (1243) and (1324), yield a corresponding toroidal subgraph.
Proof. Yellow cutouts of two toroidal subgraphs here are on center and right of Figure 9.
Remark 16. Knowing that the toroidal subgraphs of Corollaries 8 and 15 have only rainbow
4-cycles, note that their dual subgraphs yield 1-factorizations with only rainbow 4-cycles of
similar type. Because of this, those toroidal subgraphs are said to be self-dually Q2-rainbow.
Questions 17. Given a regular graph H , are there any H-rainbow, or dually H-rainbow,
toroidal graphs? Are there any H-rainbow, or self-dually H-rainbow, planar graphs distinct
from K4? Affirmative answers to the first question here for H = Q2 were given in the present
work.
Remark 18. The area of Mi is 12
√
2 and the length of Ci is 24 (i = 1, 2, 3, 4).
Questions 19. How is a minimal surface [6] delimited by Ci? Which is its area? How is the
union of the pairwise distinct intersections of these minimal surfaces?
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